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Spontaneous Raman processes in cold atoms have been widely used in the past decade for gen-
erating single photons. Here, we present a method to optimize their efficiencies for given atomic
coherences and optical depths. We give a simple and complete recipe that can be used in present-day
experiments, attaining near-optimal single photon emission while preserving the photon purity.
I. INTRODUCTION
On-demand single photon sources are appealing ingre-
dients for many quantum information tasks. Examples
include the distribution of entanglement over long dis-
tances using quantum repeaters or quantum communi-
cations with security guarantees which remain valid, in-
dependent of the details of the actual implementation
[1, 2]. These tasks necessitate stringent purity and ef-
ficiency requirements on the performance of the single
photon sources used. Techniques based on spontaneous
Raman processes in cold atoms are among the most ad-
vanced single-photon sources with such characteristics.
The basic principle is to use an ensemble of three-level
atoms in a Λ-configuration and two pulsed laser fields (see
Fig 1a). The first write pulse – the write control field –
off-resonantly excites one transition, which can sponta-
neously produce a frequency-shifted photon – the write
photon field – along the second transition through a Ra-
man process. Since all the interacting atoms participate
in the process, and there is no information about which
atom emitted the photon, the detection of this write pho-
ton heralds the existence of a single delocalised excitation
across the sample – an atomic spin wave. Once the spin
wave has been prepared, the atomic sample is ready to be
used as a source, and a second pulse – the read control
field – along the second transition performs a conver-
sion of the atomic spin wave into a second photon – the
read photon field. If the duration of the process is short
enough with respect to the atomic coherence times, and
the optical depth of the sample sufficiently high, then the
read photon is emitted efficiently in a well defined mode
and the protocol provides a viable single photon source.
Such sources have been at the core of numerous experi-
ments during the last decade following the seminal paper
of Duan, Lukin, Cirac and Zoller [3], showing how they
could be used for long-distance quantum communication
based on quantum repeater architectures (for reviews, see
[4–7]). Recently, they have been used as quantum mem-
ories with storage times up to 200ms [8, 9] or as a source
producing pure single photons with a temporal duration
that can be varied over up to 3 orders of magnitude while
maintaining constant efficiencies [10]. We stress that the
efficiency of such a source is a critical parameter for the
implementation of efficient quantum repeater architec-
tures. While very high efficiencies of ∼ 90% are essential,
a reduction of the source efficiency by 1% can reduce the
repeater distribution rate by 10-20%, depending on the
specific architecture [4].
FIG. 1. Level scheme and schematic of the proposed sin-
gle photon source. (a) Write (read) control fields are indi-
cated with Rabi frequencies ΩW (ΩR) and write (read) pho-
ton fields are indicated with quantum fields Ew (Er), each
along their respective transitions. In our model the excited
level |e〉 is capable of spontaneous emission to the metastable
states |g〉 and |s〉. (b) A schematic of the protocol indicates
the sequence of events. A fast resonant write control field of
duration τW followed by a write photon field detection in a
short time window τd heralds a spatially varying spin wave.
A fast pi-pulse of duration τR then enables the retrieval of the
stored excitation. Laser pulses are shaded darker to indicate
their stronger intensities as compared to the weaker photon
emissions. (c) Backward retrieval configuration with counter-
propagating control fields results in photon field emissions in
opposing directions.
Several solutions can be envisioned to ensure high effi-
ciencies. One solution relies on the use of an optical cav-
ity to enhance the spinwave–light conversion efficiency.
Experimental efforts along this direction have resulted
in efficiencies of up to 84% [11, 12]. An alternative so-
lution involves increasing the atomic density in order to
obtain a larger optical depth. This however makes opera-
tions like optical pumping and noise free operations more
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2challenging. This naturally raises the following question:
What is the optimal efficiency that can be achieved with
a bulk atomic ensemble having a certain optical depth?
This question has been previously addressed for memory
protocols where single photons are first absorbed before
subsequently retrieved in a well defined mode [13, 14].
Inspired by these works, we first examine the conditions
on the spin wave shape for achieving optimal photon
retrieval efficiencies given the optical depth and speci-
fied energy levels in the atomic species. After finding
the optimal spin wave shapes, we recognise that current
approaches using off-resonant write control fields create
non-ideal flat spin excitations in the sample (previously
studied in works such as [15]), since such control fields
do not experience significant intensity depletion during
propagation. To achieve better retrieval efficiencies, we
then propose (see Fig 1b) to spatially shape the spin
wave using resonant, temporally shaped write control
fields. Combined with fast read control fields during the
retrieval process, we show that our recipe achieves near-
optimal retrieval efficiencies and perfect purity.
This paper is structured as follows: In the first sec-
tion we discuss the optimal retrieval efficiency from a
spin excitation. For completeness, we first quickly review
derivations in [14] that allow us to find the expression for
the retrieval efficiency of a complete retrieval process,
where we begin with only |g〉-|s〉 coherences and transfer
all atoms to |g〉. We then find the shapes of the spin ex-
citation that yield the optimal retrieval efficiency when
complete retrieval is performed. In the second section we
propose the use of a resonant write control field to create
spin excitations similar to those that allow for optimal
retrieval. We then give explicit expressions for retrieval
when using a quick read control field with a constant
Rabi frequency. Finally, we include a feasibility study in
the case of a gas of Rubidium-87.
II. OPTIMAL RETRIEVAL
A. Efficiency of a complete retrieval process
To begin our analysis, we first review a derivation in
[14] giving the efficiency of the retrieval process on the
spin shapes of the atomic excitation. We emphasise that
the work in [14] focuses on absorptive memory protocols
where a field is first absorbed in an atomic medium, cre-
ating a spin wave that can be read out later to re-emit the
field in a well defined spatio-temporal mode. In our pro-
posal, the spin wave creation is instead heralded by the
detection of the write photon field, but the readout pro-
cess is analogous, allowing us to make use of Ref [14] to
deduce the spin wave shapes that maximise the retrieval
efficiency.
We consider a three-level atomic system in a Λ-
configuration (see Fig 1a) with spin excitations present in
the form of |g〉-|s〉 coherences. In the situation where al-
most all the atoms remain in |g〉 and in a rotating frame,
the backward wave propagation equation (see Fig 1c)
along with the Heisenberg-Langevin equations of motion
yield
∂zEr(z, t) =− i
√
dγeg
cL
P (z, t),
∂tP (z, t) =− (γeg + i∆)P (z, t) + i
√
dγegc
L
Er(z, t)
+ iΩR(t)S(z, t) + FP (z, t),
∂tS(z, t) =− γ0S(z, t) + iΩ∗R(t)P (z, t) + FS(z, t), (1)
where P (z, t) =
√
Nσge(z, t)e
−iω1 L−zc and S(z, t) =√
Nσs(z, t)e
−i(ω1−ω2)L−zc are rescaled and slowly varying
atomic operators (see Appendix for details), with ω1 (ω2)
referring to the energy transition of the |e〉-|g〉 (|e〉-|s〉)
transition. γeg (γ0) refers to the decay rate of the |e〉-|g〉
(|g〉-|s〉) transition. L denotes the length of the atomic
sample and N the number of atoms within this sample.
FS and FP indicate the noise operators associated to S
and P respectively. ΩR (∆) refers to the Rabi frequency
(detuning) of the classical write control field on the |e〉-
|g〉 transition, and Er denotes the quantum field of the
retrieval emission. The optical depth d characterises the
absorption of resonant light in the sample, such that the
outgoing light intensity is I0(z = L) = e
−2dI(z = 0),
valid when the spectrum of the incoming light is well
contained within the atomic bandwidth.
Here, we consider the situation where retrieval is com-
pleted well within the spin wave decoherence time, and
thus ignore γ0. We also ignore the noise terms FS and
FP since they do not contribute to the spin and photon
numbers, which are the relevant quantities here.
Defining first the reversed functions P¯ (L − z, t) =
P (z, t), S¯(L − z, t) = S(z, t) and E¯r(L − z, t) = Er(z, t),
then taking the Laplace transforms of Eqns (1) from
L− z = z′ → u, we begin with the following set of trans-
formed equations
E¯r(u, t) =i
√
γegd
cL
1
u
P¯ (u, t), (2)
∂tP¯ (u, t) =−
[
γeg(1 +
d
Lu
) + i∆
]
P¯ (u, t)
+ iΩR(t)S¯(u, t), (3)
∂tS¯(u, t) = iΩ
∗
R(t)P¯ (u, t). (4)
From Eqns (3) and (4) we first obtain the following result
d
dt
(
〈P¯ †(u1, t)P¯ (u2, t) + S¯†(u1, t)S¯(u2, t)〉
)
= γeg
(
− 2− d
Lu1
− d
Lu2
)
〈P¯ †(u1, t)P¯ (u2, t)〉. (5)
With Eqn (2) we can then rewrite the number of emitted
3photons η in terms of P (u, t)
η =
c
L
∫ ∞
0
dt 〈E†r (z = 0, t)Er(z = 0, t)〉
=
c
L
L−12
∫ ∞
0
dt
γegd
cL
1
u1u2
〈P¯ †(u1, t)P¯ (u2, t)〉
∣∣∣z′1→L
z′2→L
,
where L−12 indicates the instruction to take the Laplace
inverses of both u1 and u2 separately. With the use of
Eqn (5) we can next rewrite 〈P¯ †(u1, t)P¯ (u2, t)〉 as a full
derivative and perform the integral to get
η = L−12
d
L
−1
(u1 + u2)d+ 2Lu1u2(
〈P¯ †(u1, t)P¯ (u2, t)〉+ 〈S¯†(u1, t)S¯(u2, t)〉
) ∣∣∣∞
t=0
∣∣∣z′1→L
z′2→L
=
1
L2
L−12
dL
d(u1 + u2) + 2Lu1u2
〈S¯†(u1, 0)S¯(u2, 0)〉
∣∣∣z′1→L
z′2→L
,
where the last equality comes from the conditions we
assume in a complete retrieval process, i.e. that we be-
gin with only |g〉-|s〉 coherences and at the end of the
process all atoms are in |g〉. By performing the inverse
Laplace transforms one sees that for complete retrieval
in the backward direction1,
η =
1
L
∫ L
0
dz1
1
L
∫ L
0
dz2 kr(L− z1, L− z2)
〈S†(L− z1, 0)S(L− z2, 0)〉, (6)
where kr(z1, z2) =
d
2e
−d z1+z22L I0
(
d
L
√
z1z2
)
and In(x) in-
dicates the modified n-th Bessel function of the first kind.
We proceed by considering the situation where there is
originally a single spin wave in the sample (such that
1
L
∫ L
0
S†(z, 0)S(z, 0) dz = 1), and thus interpret η as the
efficiency of the retrieval process. The retrieval efficiency
η is independent of the details of the read control field
used, and is a result of the ratio between desired and
undesired modes that are retrieved from the spin wave.
B. Optimal spin shapes for complete retrieval
Having shown the dependence of the retrieval efficiency
on the spin wave shape, we now look for the spin shapes
that allow one to maximise the retrieval efficiency in the
case of complete retrieval. To do this, we recognise Eqn
(6) as the continuous form of a product of discretised
1 In Ref [14], Eqn (6) is said to describe the optimal retrieval
efficiency from a given spin wave. For us, we see this retrieval
efficiency function as a description of complete retrieval in the
absence of spin wave decoherence, which is made optimal only
when provided with the correct spin excitation.
versions of kr (in the form of a matrix) and |S〉 (in the
form of a vector).
Cast in this light, this integral can be computed by per-
forming a matrix multiplication between the discretised
versions of kr and |S〉. In this discrete approximation,
the optimal spin shape is thus the eigenvector of kr with
the largest eigenvalue. One can then interpolate the re-
sulting vector to obtain optimised spin shapes, which are
presented in Fig 2.
The best spin shapes for optimal retrieval show a clear
spatial dependence with a bias (depending on the optical
depth d) towards placing larger excitation probabilities
towards the retrieval direction (backwards in this case).
We will denote the retrieval efficiencies from these opti-
mal spin shapes as η∗.
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FIG. 2. Optimised spin wave shapes for retrieval in the back-
ward direction (solid lines) when compared to the best fit-
ting exponential shapes created by our resonant write proto-
col (dashed lines).
III. PRACTICAL RECIPE FOR ACHIEVING
NEAR-OPTIMAL RETRIEVAL EFFICIENCIES
A. Creating spatially varying excitations
In the previous section, we have outlined how the re-
trieval efficiency depends on the shape of the given spin
excitation, and also how the optimal spin shapes can be
computed. Here we propose a method of conveniently
creating spin shapes that yield near-optimal retrieval ef-
ficiencies. In contrast to creating spin excitations us-
ing spontaneous Raman processes enabled by far-detuned
write control fields, we explore the use of resonant control
fields instead, which create spin excitations with signifi-
cantly position-dependent excitation profiles. The ability
to send resonant exponential write control fields with dif-
ferent durations further allows us to control the degree
of spatial bias that we create in the spin excitation, as
we show below.
4We give a detailed derivation of the write process in
Appendix B1. To summarize (see Fig 1b), beginning
with all atoms in the |g〉-level, we send a short rising
exponential resonant write pulse with Rabi frequency
ΩW (0, t) = Ω
max
W e
t/τW that does not significantly excite
the atoms to the |e〉 level (ΩmaxW τW  1). If sent with a
sufficiently short duration (τW  1/γeg) and shut off at
t = 0, one can consider only the dynamics along the |g〉-
|e〉 transition, and obtain atomic coherences of the form
(see Appendix B2)
σge(z, 0) = e
ikw.zθ0e
−αz2 (7)
where θ0 = i
ΩmaxW τW
1+γegτW
, α/2 = d
γegτW
1+γegτW
1
L and kw indi-
cates the wave vector for the write photon, which is de-
scribed using a quantum field Ew. Immediately after the
preparation, we look for the detection of write photons
within a short detection window τd as a herald for single
spin excitations. This avoids potential dephasing effects
from the decoherence of the |e〉 level. In this short de-
tection window of duration τd  min( 12γes , 12γeg ), and
where τd  {d¯ γes|θ0|2 1−e−αLαL }−1, ensuring the number
of emitted write photons nw is much smaller than 1, we
obtain (see Appendix B3, B4)
nw =
(
d¯ γesτd
)|θ0|2 1− e−αL
αL
, (8)
where γes (d¯) refers to the decay rate (optical depth) of
the |e〉-|s〉 transition. The write photon number ηw is
simply the product of d¯ γesτd and the fraction of excited
atoms (averaged across the sample).
In this same regime for τd, to leading order the corre-
sponding spin state is (see Appendix B5)
S†(z, τd) =− i
√
d¯γesc
L
θ0e
−αz/2∫ τd
0
e−γ0(τd−ta)Ew(0, ta) dta, (9)
which has an exponentially decaying spatial dependence
from the z = 0 side of the sample. The extent of this
spatial decay is characterized by α, which does depend
on the given properties of the atomic sample, but can be
controlled by varying the write control field duration τW .
B. Performing fast retrieval
We now proceed with the retrieval process, and spell
out the exact requirements for a certain implementation
of retrieval – the fast pi-pulse using a square waveform of
duration τR. Once again, we focus on retrieval processes
completed well within the spin wave decoherence time
and performed under relevant experimental conditions.
We thus ignore both the spin decoherence and Langevin
noise terms in Eqn (1). Here we have implicitly assumed
that the energy levels of the |g〉 and |s〉 levels are degen-
erate.2 See [14, 16] for details.
With a resonant square retrieve pulse in the backward
direction (See Fig 1c) one finds the following simple ex-
pression for the dynamics of the spin wave (details given
in Appendix A1)
¨¯S(u, t) +A ˙¯S(u, t) +BS¯(u, t) = 0, (10)
where A = γeg(1 +
d
Lu ) and B = Ω
2
R (for real ΩR), and
we have taken the Laplace transform L− z = z′ → u.
In the regime3 where 2ΩR  γeg(1 +d), we find 4B 
A2, and obtain the following solution
S¯(u, t) = e−At/2 cos(ΩRt)S¯(u, t = τd), (11)
which yields the following expression
P¯ (u, t) =
1
iΩR
∂tS¯(u, t)
=
i
ΩR
e−
A
2 t
(
A
2
cos(ΩRt) + ΩR sin(ΩRt)
)
S¯(u, t = τd),
(12)
where we then see that with a sufficiently fast pi-pulse
(such that 2ΩRτR = pi) obeying γeg(1 + d)τR  2, one
can convert S to P without loss, yielding
P¯ (u, τR + τd) ≈ iS¯(u, t = τd). (13)
The emitted read photon field can then be obtained
by solving the set of equations in (1) after the fast read
control field has ended (see Appendix A2), giving
Er(0, t) =i
√
γegd
cL
e−γegt
∫ L
0
J0
[
2
√
γegd
L
t(L− z′′1 )
]
P (L− z′′1 , τR + τd) dz′′1 . (14)
Along with Eqn (13) and noting
that
∫∞
0
e−αxJν(2β
√
x)Jν(2γ
√
x)dx =
1
αIν(
2βγ
α )exp(−β
2+γ2
α ) [17], this emitted field then
yields a retrieval efficiency given by Eqn (6).
2 The phase-matching condition in one dimension is fully satis-
fied for co-propagating pulses and emissions, even in the non-
degenerate case. For counter-propagating strategies like the
one we suggest, one requires the condition |∆k|L  1, where
∆k = kW −kw(= kR−kr) refers to the difference in wave vector
along our 1-dimensional system for the write (read) control and
photon fields (see Appendix C).
3 In considering the lossless preparation of P¯ (u, t) from S¯(u, t =
τd), requiring 2ΩR  γeg(1 + d) for the pi-pulse can be demand-
ing. However, we show in Appendix A3 that one can achieve the
same retrieval efficiency even in the slow readout regime where
we do not separate the P preparation process from the emission.
5C. Comparison
We have seen that the proposed retrieval protocol
yields a dependence on the spin shape, as described by
Eqn (6). Hence we now compare the retrieval efficiencies
attainable with our protocol and compare them to the
optimal ones.
We can estimate the achievable efficiency of our pro-
tocol by choosing a write pulse duration such that the
resultant spin shape best fits the optimal spin shape. A
good approximation to this write pulse duration is well
described in [18], and given by
τapproxW =
1
γeg
1
1 + d2
. (15)
We also compute the retrieval efficiencies ηfwd that
would be obtained if the resonant write pulse of duration
τapproxW were to be followed by a co-propagating retrieve
pulse instead. This would result in a situation where the
spin wave would be far from optimal with respect to the
retrieval direction. In Fig 3, we compare the optimal effi-
ciency η∗, the efficiencies ηres and ηfwd obtained with our
proposal (from a spin wave created from a resonant ex-
ponential pulse with duration τapproxW ) together with the
efficiency of the standard approach using far off-resonant
write pulses, for which the efficiency is bounded by the
complete retrieval efficiency from a flat spin wave [14]
ηoff-res = 1− e−d(I0(d) + I1(d)), (16)
which we have verified numerically. This retrieval effi-
ciency is valid for retrieval from both the forward and
backward directions from a flat spin wave.
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FIG. 3. Retrieval efficiency as a function of the optical depth.
Blue circles indicate the retrieval efficiency from the optimal
spin wave. Yellow triangles (green diamonds) indicate the
efficiency from backward (forward) retrieval for the proposed
recipe that uses an exponentially rising write control field.
The black dashed line indicates the retrieval efficiency using
the standard approach with off-resonant write control fields.
Our proposal approaches optimal efficiencies, perform-
ing within ∼ 10−3 of η∗ and compares favorably with
respect to the standard off-resonant case. The improve-
ment in efficiency is dependent on the optical depth, and
we present some values in Table I.
TABLE I. Comparison of retrieval efficiency from different
spin shapes
d ηfwd ηoff-res ηres η∗
0.1 0.0476 0.0476 0.0476 0.0476
1 0.3140 0.3263 0.3305 0.3305
10 0.5671 0.7509 0.8134 0.8142
20 0.6183 0.8227 0.8921 0.8973
100 0.7600 0.9203 0.9728 0.9745
D. Retrieval into a single mode
For a single photon source to be useful, one needs to
not only efficiently emit a single photon, but also to en-
sure that the given photon is emitted in a pure state.
Here, we note that the number of emission modes K
can be estimated from an autocorrelation measurement,
which gives g(2) ∼ 1 + 1K [19] (valid in the absence of
detector noise and for small emission probabilities) for a
process creating correlated photons in vacuum squeezed
states.
In the regime considered so far, we computed (see Ap-
pendix D for details)
g(2)(0) =
〈E†r (0, t)E†r (0, t)Er(0, t)Er(0, t)〉
〈E†r (0, t)Er(0, t)〉2
= 2. (17)
This is a good indication that the read photon field is
emitted in a single mode, and hence that the conditional
read field is a single photon in a pure state.
IV. FEASIBILITY STUDY OF RUBIDIUM-87
For a feasibility study we consider a Λ-system consist-
ing of the following energy levels from the D-2 transi-
tion: |g〉 = |52S1/2,F = 2,mF = 2〉, |s〉 = |52S1/2,F =
1,mF = 0〉 and |e〉 = |52P3/2,F = 2,mF = 1〉. By tak-
ing into account the relevant branching ratios, we take
γeg =
1
12 (2pi)6.067 MHz and γes =
1
8 (2pi)6.067 MHz. For
a sample with an optical depth d = 20, a suitable write
control field duration is given by γegτ
approx
W = 0.09. This
implies a field duration of τapproxW ∼ 29 ns.
Assuming that optical depth on the other transition
is d¯ = 20, and with a weak write control field such that
ΩmaxW τW = 0.01, within the short detection window τd ≈
0.1µs the number of write photons is nw = 2× 10−4.
6Subsequently, the retrieval pulse on the |e〉-|g〉 transi-
tion requires a Rabi frequency of ΩR  (2pi)5.3 MHz,
with a predicted retrieval efficiency of 89%, essentially
achieving η∗ (see Table I). This compares favorably to the
retrieval efficiency from a flat spin wave ηoff-res = 82%.
V. CONCLUSION
In this work, we have discussed conditions for optimal
generation of single photons from spontaneous Raman
processes in cold atoms. We have proposed a detailed
recipe to create single photons with efficiencies that com-
pare favorably to standard strategies utilising flat spin
waves. The recipe consists of first sending a resonant
exponentially rising write control field onto an atomic
sample of duration τW ≈ γ−1eg (1 + d2 )−1. This heralds
a spin wave that has a spatially varying form. Upon a
fast pi-retrieval, one obtains near-optimal retrieval effi-
ciencies, and we find that the emitted single photons are
in a pure state. This proposal shows a convenient way
to maximise the efficiency of single photon sources with
given optical depths based on spontaneous Raman pro-
cesses. This work could help in the implementation of
the first quantum repeater protocol successfully outper-
forming the direct transmission of photons [4].
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APPENDIX A: RETRIEVAL PROCESS
A1: Retrieval Emission Dynamics
We begin from the Hamiltonian H = H0 +V (see [14]),
where we consider an atomic sample of length L, and
a classical field sent from the z = L side of the sam-
ple. Choosing |g〉 to be the energy level reference for the
atomic states, we have
H0 =
∫
dω~ωaˆ†ωaˆω +
N∑
i=1
(~ωsσjss + ~ωeσjee) (18)
V =− ~
N∑
i=1
(
ΩR(t− L− zi
c
)σiese
−iω2te+iω2(
L−zi
c )
+ g
√
L
2pic
∫
dω aωe
iω
L−zi
c σieg +H.c.), (19)
where σiµν = |µ〉i〈ν| indicates atomic level operators for
the i-th atom, and aw indicates the annihilation operator
for the photonic mode at frequency ω. ω2 (ω1) indicates
the frequency of the read control (photon) field respec-
tively. Note that we are considering resonant pulses, so
we have ω1 (ω2) = ωe (ωs). Using
A =
N∑
i=1
[
~(ω1 − ω2)σiss + ~ω1σiee
]
+ ~ω1
∫
dω E†r (z, t)Er(z, t),
U = e−iAt/~,
for the change of frame, then in the continuum limit, we
obtain
Hnew =U
†HU −A
=
∫
dω ~ωa†ωaω − ~ω1
∫
dz E†r (z, t)Er(z, t)
+
N
L
∫
dz
{
− ~ΩR(z, t)σes(z, t)e+iω2
L−z
c + h.c.
− gEr(z, t)σeg(z, t)e+iω1
L−z
c + h.c.
}
,
where we have defined a real Rabi frequency
ΩR(z, t) = ΩR(t − L−zc ) and Er(z, t) =√
L
2pic
∫
dω eiω1taωe
i(ω−ω1)L−zc . Using the field prop-
agation equation along with the Heisenberg-Langevin
equations of motion, we have in a moving coordinate
frame, ignoring spinwave decoherence and the noise
terms, and also considering that σgg ∼ 1,
∂zEr(z, t) = − ig
√
N
c
P (z, t)
∂tP (z, t) = −γegP (z, t) + ig
√
NEr(z, t) + iΩR(t)S(z, t)
∂tS(z, t) = iΩR(t)P (z, t), (20)
where g2N =
dγegc
L , P (z, t) =
√
Nσge(z, t)e
−iω1 L−zc and
S(z, t) =
√
Nσgs(z, t)e
−i(ω1−ω2)L−zc . In the continuum
limit, the spin and field operators obey the following com-
mutation relations
[σαβ(z, t), σµν(z
′, t)]
=
L
N
δ(z − z′)(δβµσαν(z, t)− δνασµβ(z, t)), (21)
[Er(z, t), E†r (z, t′)] =
L
c
δ(t− t′). (22)
7Rewriting Eqns (20) in the reverse direction e.g.
E¯r(z′, t) = E¯r(L− z, t) = Er(z, t), and taking the Laplace
transform from z′ → u we obtain
E¯r(u, t) = ig
√
N
cu
P¯ (u, t) +
1
u
E¯r(z′ = 0, t),
∂tP¯ (u, t) = −γegP¯ (u, t) + ig
√
N E¯r(u, t) + iΩR(t)S¯(u, t),
∂tS¯(u, t) = iΩR(t)P¯ (u, t). (23)
We can combine these three equations into a single dif-
ferential equation, where we have ignored the boundary
term E¯r(z′ = 0, t) since we send the read control field into
the z = L side of the atoms. On resonance (∆=0), let
A = γeg +
g2N
cu and B = Ω
2
R to see
¨¯S(u, t) +A ˙¯S(u, t) +BS¯(u, t) = 0. (24)
A2: Fast retrieval
In the strong regime for the read control field, one re-
quires 2|ΩR|  γeg(1 + d), which implies
2ΩR  γeg(1 + dz
′
L
)
=⇒ 2ΩR  γeg(1 + d
Lu
),
which then yields the regime 4B  A2.
The solution for Eqn (24) in this regime is
S¯(u, t) = e−At/2 cos(ΩRt)C1(u) + e−At/2 sin(ΩRt)C2(u),
where the initial condition implies
S¯(u, t) = e−At/2 cos(ΩRt)S¯(u, t = 0).
One can then find the prepared polarization in terms of
the intial spin condition,
P¯ (u, t)
=
1
iΩR
∂tS¯(u, t)
=
i
ΩR
e−
A
2 t
(A
2
cos(ΩRt) + ΩR sin(ΩRt)
)
S¯(u, t = 0).
In the limit where we have a sufficiently strong read con-
trol field (2ΩR  pi2 γeg(1 + d)), the pi-pulse is completed
quickly and we obtain a lossless preparation of P¯ (u, t)
from S¯(u, t = 0) in the form
P¯ (u, τR) = iS¯(u, t = 0). (25)
Once the polarization is prepared, we find the emission
by solving for the dynamics in the absence of the laser,
∂zE¯r(z, t) = −ig
√
N
c
P¯ (z, t),
(∂t + γeg)P¯ (z, t) = ig
√
N E¯r(z, t).
Taking the Laplace transform from L − z = z′ → u and
neglecting the boundary term since it does not contribute
to the photon number, we have
E¯r(u, t) = ig
√
N
cu
P¯ (u, t),
(∂t + γeg)P¯ (u, t) = ig
√
N E¯r(u, t) = −g
2N
cu
P¯ (u, t).
This yields the evolution of P (u, t) after its preparation
from S(u, t),
P¯ (u, t) = e−(γeg+
g2N
cu )(t−τR)P¯ (u, τR), (26)
and gives an emitted field of
E¯r(z′, t) =ig
√
N
c
e−γeg(t−τR)∫ z′
0
dz′′J0
[
2
√
g2N
c
(t− τR)(z′ − z′′)
]
P¯ (z′, τR),
where Jn[x] refers the n-th Bessel function of the first
kind. Now with z′ = L− z, we require the field at z = 0
for backward retrieval, and we finally obtain
Er(0, t) =− g
√
N
c
e−γegt∫ L
0
dz′′J0
[
2
√
g2N
c
t(L− z′′)
]
S(L− z′′, 0),
(27)
where we have used Eqn (25) for a lossless preparation.
A3: Slow retrieval
In the weak regime for the read control field, one re-
quires 2|ΩR|  γeg, which implies
2ΩR  γeg(1 + dz
L
)
=⇒ 2ΩR  γeg(1 + d
Lu
),
which then yields the regime 4B  A2.
The solution for Eqn (24) in this regime is
S¯(u, t) = e−
1
2 (A+
√
A2−4B)tCu(1) + e−
1
2 (A−
√
A2−4B)tCu(2).
When there is no laser (B = 0), there should be no spin-
wave decay since we have considered zero spin wave de-
coherence, so we set Cu(1) = 0 and obtain
S¯(u, t) = e−
1
2 (A−
√
A2−4B)tS¯(u, t = 0).
Now, in this regime when the Rabi frequency is small, we
have
e−
1
2 (A−
√
A2−4B)t = e−
1
2 (A−A
√
1− 4B
A2
)t
≈ e−BA t
= e
− Ω2
γeg(1+
d
Lu
)
t
8This gives
S¯(u, t) = e−Kt
1
1+s/u S¯(u, t = 0),
where K =
Ω2R
γeg
and s = dL . One can proceed to find
P¯ (u, t) = 1iΩR ∂tS¯(u, t) and E¯(u, t) = i
g
√
N
cu P¯ (u, t), giving
E¯(u, t) = −g
√
N
c
K
ΩR
[ 1
u+ s
e−Kt+Kt(
s
s+u )
]
S¯(u, t = 0).
This yields
E¯(z′, t) = −g
√
N
c
K
Ω
e−Kt∫ z′
0
e−s(z
′−z′′)I0(2
√
Kts(z′ − z′′))S¯(z′′, t = 0)dz′′
(28)
One can then compute the retrieval efficiency from a
single spin wave, and this is found to yield the optimal
retrieval efficiency.∫ ∞
0
dt
c
L
〈E†(0, t)E(0, t)〉
=
∫ ∞
0
dt
d
L2
Ω2R
γeg
e−2Kt
∫ L
0
dz′′1
∫ L
0
dz′′2 e
− dL (2L−z′′1−z′′2 )
I0
(
2
√
Kt
d
L
(L− z′′1
)
I0
(
2
√
Kt
d
L
(L− z′′2
)
〈S†(L− z′′1 , t = 0)S(L− z′′2 , t = 0)〉
=
1
L
∫ L
0
dz′′1
1
L
∫ L
0
dz′′2
d
2
e−
d
2
(L−z′′1 )+(L−z′′2 )
L
I0
(
d
√
L− z′′1
L
√
L− z′′2
L
)
〈S†(L− z′′1 , t = 0)S(L− z′′2 , t = 0)〉
where In[x] denotes the n-th modified Bessel function of
the first kind. We have made use of the fact that In(z) =
i−nJn(iz) and also
∫∞
0
e−αxJν(2β
√
x)Jν(2γ
√
x)dx =
1
αIν(
2βγ
α )exp(−β
2+γ2
α ).
APPENDIX B: WRITE PROCESS
B1: Heisenberg-Langevin equations for the atomic
coherences
The goal here is to first derive the expressions for the
evolution of the atomic coherences in the write process.
We begin from the Hamiltonian H¯ = H¯0 + V¯
H¯0 =
∫
dω~ωa†ωaω +
N∑
i=1
(~ωsσjss + ~ωeσjee) (29)
V¯ =− ~
N∑
i=1
(
ΩW (t− zi/c)σiege−iω1(t−zi/c)
+ g¯
√
L
2pic
∫
dω aˆωe
iωzi/cσies +H.c.) (30)
Using
A¯ =
N∑
i=1
(~ωsσiss + ~ωeσiee)
+ ~ω2
∫
dz E†w(z, t)Ew(z, t),
U¯ =e−iA¯t/~
for the change of frame, then in the continuum limit, we
obtain
H¯new =U¯
†H¯U¯ − A¯ (31)
=
∫
dω ~a†ωaω − ~ω2
∫
dz E†w(z, t)Ew(z, t)
+
N
L
∫
dz
{− ~ΩW (t− z/c)σeg(z, t)eiω1z/c + h.c.
− gEw(z, t)σes(z, t)eiω2z/c + h.c.
}
,
where we have defined Ew(z, t) =√
L
2pice
iω2t
∫
dω aωe
i(ω−ω2)z/c.
Assuming a real Rabi frequency ΩW , this yields the
Heisenberg-Langevin equations as follows:
∂tσse =− γesσse + iΩW eiω1z/cσsg
− ig¯Eweiω2z/c(σee − σss) + Fse
∂tσsg =− γ0σsg + iΩW e−iω1z/cσse
− ig¯Eweiω2z/cσeg + Fsg
∂tσeg =− γegσeg − iΩW e−iω1z/cσgg + Feg, (32)
where ω1 (ω2) indicates the frequency of the write control
field (write photon field) respectively and g¯2N = d¯γescL .
B2: Creating atomic coherences
During the write process we account for possible deple-
tion of the write laser intensity, and hence do not assume
ΩW (r, t) to be constant throughout the sample. As a re-
sult of the laser we create coherences between the |g〉-|e〉
transition, which forms the initial state for the write pho-
ton field. Here we proceed to find the atomic coherences
prepared as a result of our exponential shaped resonant
write control field.
For a sufficiently short write control field, the dynamics
of the field and the atoms can be described with the dy-
namics along the |g〉-|e〉 transition. Ignoring the noise
9terms on σge and making the analogy between the clas-
sical and quantum fields on the |g〉-|e〉 transition,
c∂zΩW (z, t) = ig
2Nσge(z, t)e
−iω1z/c,
∂tσge = −γegσge + iΩW (z, t)e+iω1z/cσgg
≈ −γegσge + iΩW (z, t)e+iω1z/c, (33)
where we have assumed that almost all atoms remain in
the |g〉 level.
Let us first assume a write control field with Rabi fre-
quency ΩW that begins at t=0. Taking the Laplace trans-
forms from t→ w, we find
∂zΩW (z, w) = i
g2N
c
σge(z, w)e
−iω1z/c,
σge(z, w) =
1
w + γeg
[iΩW (z, w)e
iω1z/c + σge(z, t = 0)].
(34)
Insert the second equation of (34) into the first, and use
the initial condition σge(z, t = 0) = 0 to obtain
∂zΩW (z, w) = −g
2N
c
(
1
w + γeg
)ΩW (z, w),
yielding
ΩW (z, w) = e
− g2Nc ( 1w+γeg )zΩW (z = 0, w).
Insert this into the second equation of (34) to obtain
σge(z, w) = (ie
iω1z/c)
[ 1
w + γeg
e
− g¯2Nc 1w+γeg zΩW (z = 0, w)
]
.
After inverting the Laplace transform, we now shift the
limits to consider a write control field with support on
negative times, giving
σge(z, t) =(ie
iω1z/c)
∫ t
−∞
e−γeg(t−t
′′
1 )
J0
[
2
√
γegd
L
(t− t′′1)z
]
ΩW (z = 0, t
′′
1)dt
′′
1 , (35)
where Jn(x) indicates the n-th Bessel function of the first
kind.
Thus, with an exponential write control field ΩW (0, t) =
ΩmaxW e
t/τW sent up to t=0, we evaluate the atomic co-
herence at t=0 with the help of
∫∞
0
e−AtJ0[2
√
Bt]dt =
1
Ae
−B/A and finally obtain
σge(z, 0) = e
iω1z/cθ0e
−αz2 , (36)
where θ0 = i
ΩmaxτW
1+γegτW
and α/2 = d
γegτW
1+γegτW
1
L .
B3: Write Photon Emission
After the preparation of atomic coherences, we begin to
see spontaneous emission from the |e〉 level. Along with
the field propagation equation, the relevant Heisenberg-
Langevin equations are
c∂zEw = ig¯Ne−iω2z/cσse(z, t),
∂tσˆes = −γesσse − ig¯Eweiω2z/c(σee − σss) + Fse.
Defining Q† =
√
Ne−iω2z/cσse, we will consider the write
emission for short detection times. Using (36) we thus
replace σee − σss with its mean value at position z and
t = 0 to obtain
c∂zEw(z, t) = ig¯
√
NQ†(z, t),
∂tQ
†(z, t) = −γesQ†(z, t)− ig¯
√
N |θ0|2e−αzEw(z, t)
+F †Q(z, t). (37)
Performing first the Laplace transform in space (z → s)
sEw(s, t)− Ew(z = 0, t) = A Q†(s, t),
∂tQ
†(s, t) = −γesQ†(s, t) +B Ew(s+ α, t)
+ F †Q(s, t),
and then in time (t→ ω), we get
sEw(s, ω)− Ew(z = 0, ω) = A Q†(s, ω),
Q†(s, ω) =
1
γes + ω
{B Ew(s+ α, ω)
+ F †Q(s, ω) +Q
†(s, t = 0)},
where A = i g¯
√
N
c and B = −ig¯
√
Nθ20.
Substituting the second line into the first, we eliminate
Q(s, ω) and are left with a boundary term in Q:
sE(s, ω)− E(z = 0, ω) = ( A
γes + ω
)[B E(s+ α, ω)
+ F †Q(s, ω) +Q
†(s, t = 0)].
The following formula also holds with a shift from s to
s+ α:
(s+ α)Ew(s+ α, ω)− Ew(z = 0, ω)
=(
A
γes + ω
)
[
B Ew(s+ 2α, ω) + F †Q(s+ α, ω)
+Q†(s+ α, t = 0)
]
.
By substituting Ew(s + α, ω) into the previous equation
we can find E(s, ω) in terms of Ew(s + 2α, ω), and by
taking the substitution into the n-th step we have
Ew(s, ω) =K(ω)nD(n)Ew(s+ nα, ω)
+
1
B
n∑
j=1
K(ω)jD(j)F †Q (s+ (j − 1)α, ω)
+
1
B
n∑
j=1
K(ω)jD(j)Q† (s+ (j − 1)α, t′ = 0)
+ [K(ω)]
−1
n∑
j=1
[
K(ω)jD(j)
] Ew(z′ = 0, ω),
10
where K(ω) = ABγes+ω and D(n) =
n−1∏
k=0
1
s+ kα
.
Taking the limit of n → ∞, the first term disappears,
and we proceed to perform the inverse transform s→ z.
With a shift in the index j, L−1[D(j+1)] = 1j!
(
1−e−αz
α
)j
and the shifting property of the Laplace Transform,
Ew(z, ω)
=
1
B
∞∑
j=0
K(ω)j+1
∫ z
0
1
j!
(
1− e−α(z−z′′)
α
)j
e−jαz
′′
F †Q(z
′′, ω) dz′′
+
1
B
∞∑
j=0
K(ω)j+1
∫ z
0
1
j!
(
1− e−α(z−z′′)
α
)j
e−jαz
′′
Q†(z′′, t = 0) dz′′
+
1
K(ω)
∞∑
j=0
K(ω)j+1
1
j!
(
1− e−α(z)
α
)j
Ew(z′ = 0, ω)
=
A
γes + ω
∫ z
0
e[
1
γes+ω
M(z,z′′)e−αz
′′
]F †Q(z
′′, ω)dz′′
+
A
γes + ω
∫ z
0
e[
1
γes+ω
M(z,z′′)e−αz
′′
]Q†(z′′, t′ = 0)dz′′
+ e
1
γes+ω
M(z,0)Ew(z = 0, ω),
where M(z′, z′′) = ABα
[
1− e−α(z′−z′′)
]
.
Finally, noting that
L−1
[
1
γes + ω
e
A
γes+ω
]
=e−γest
[√
At
(−1)
I1(2
√
At) + I2(2
√
At)
]
,
L−1
[
e
A
γes+ω
]
=e−γest
[√
A
t
I1(2
√
At) + δ(t)
]
,
we get
Ew(z, t) =A
∫ z
0
∫ t
0
e−γes(t−t
′′
1 )H1[α, z, z
′′
1 , t, t
′′
1 ]
F †Q(z
′′
1 , t
′′
1)dt
′′
1dz
′′
1
+A
∫ z
0
e−γes(t)H1[α, z, z′′1 , t, 0]Q
†(z′′1 , 0)dz
′′
1
+
∫ t
0
e−γes(t−t
′′)H2(α, z, 0, t, t
′′)Ew(0, t′′)dt′′
+ Ew(0, t) (38)
where
H1 (α, z1, z2, t1, t2) = I0
[
2
√
M(z1, z2)e−αz2(t1 − t2)
]
,
H2 (α, z1, z2, t1, t2) =
√
M(z1, z2)
t1 − t2
I1
[
2
√
M(z1, z2)e−αz2(t1 − t2)
]
.
B4: Number of write photons
Computing the photon flux requires the commutation
relations for Q and a 2-point noise correlation function
involving FQ. In a short time window τd where σee−σss
is not changing, and with the Einstein relations (see Chpt
15.5 of [21]), the Langevin equations for system operators
can be written
A˙µ = Dµ(t) + Fµ(t). (39)
The corresponding memoryless noise correlations for op-
erators µ and ν are such that
〈Fµ(t′)Fν(t′′)〉 = 2〈Dµν〉δ(t′ − t′′), (40)
where
2〈Dµν〉 = −〈AµDν〉 − 〈DµAν〉+ d
dt
〈AµAν〉. (41)
Thus, identifying terms in Eqn (37) with terms in Eqn
(39), we make use of
[Q(z, t), Q†(z′, t)] = N [σes(z, t), σse(z′, t)]
= Lδ(z − z′)|θ0|2e−αz′ , (42)
then we make use of the fact that 〈Q†(z, t)Q(z′, t)〉 right
after our preparation of atomic coherences is zero, giving
〈Q(z, t)Q†(z′, t)〉 = Lδ(z − z′)|θ0|2e−αz′ .
Then one obtains
2〈DQ,Q†〉 = 2γesL|θ0|2e−αzδ(z − z′), (43)
yielding
〈FQ(z, t)F †Q(z′, t′)〉 = 2γesL|θ0|2e−αzδ(z − z′)δ(t− t′),
(44)
valid when σee − σss is not changing.
This yields a photon flux of
c
L
〈E†w(L, t)Ew(L, t)〉
=
c
L
g¯2N
c2
∫ L
0
e−2γestH1[α,L, z′′1 , t, 0]
2V |θ0|2e−αz′′1 dz′′1
+
c
L
g¯2N
c2
∫ t
0
∫ L
0
e−2γes(t−t
′′
1 )H1[α,L, z
′′
1 , t, t
′′
1 ]
2
2γesL|θ0|2e−αz′′1 dz′′1 dt′′1
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For sufficiently short detection times τd  12γes , the noise
contribution (second term) can be ignored, and further-
more when the photon number is much smaller than 1
(τd  { g¯
2N
c |θ0|2( 1−e
−αL
α )}−1) we can consider just the
leading term in the series expansion, and observe a con-
stant flux.
c
L
〈E†w(L, τd)Ew(L, τd)〉
=
g¯2N
c
|θ0|2
∫ L
0
(
I0
[
2
√
M [L, z′′1 ]e−αz
′′
1 τd
])2
e−αz
′′
1 dz′′1
≈ g¯
2N
c
|θ0|2
∫ L
0
(
1 + 2M [L, z′′1 ]e
−αz′′1 τd +O(τ2d )
)
e−αz
′′
1 dz′′1
=
g¯2N
c
|θ0|2 1− e
−αL
α
. (45)
We therefore obtain a photon number of
g¯2N
c |θ0|2 1−e
−αL
α τd within this short detection win-
dow. This is precisely the excited atom frac-
tion multiplied by d¯γesτd, since the fraction of
atoms that were excited after the write pulse is
1
L
∫ L
0
〈σee(z, 0)〉dz = 1L
∫ L
0
|θ0|2e−αzdz = |θ0|2 1−e−αLαL .
B5: Number of prepared spins
We start with the description of the spin operator from
Eqn (32), by defining S =
√
Nσgse
−i(ω1−ω2)z/c and re-
placing σeg(z, t) by its mean value θ
∗
0e
−αz/2e−iω1z/c
(∂t + γ0)Sˆ
†(z, t)− F †S(z, t)
=− ig¯
√
NeikwrEw(z, t)σeg
=− ig¯
√
NEw(z, t)
[
θ∗0e
−αz/2
]
.
Take the Laplace transform from t→ ω to see
(ω + γ0)S
†(z, ω)− S†(z, t = 0)− F †S(z, ω) (46)
= C(z)Ew(z, ω),
where C(z) = −ig¯√Nθ∗0e−αz/2. Then we have
S†(z, ω) =
C(z)
ω + γ0
Ew(z, ω)
+
1
ω + γ0
S†(z, t = 0)
+
1
ω + γ0
F †S(z, ω), (47)
and noting that L−1[ 1ω+γ0 ] = e−γ0t yields
S†(z, t) = C(z)
∫ t
0
e−γ0(t−t
′)Ew(z, t′)dt′
+ e−γ0tS†(z, t = 0)
+
∫ t
0
e−γ0(t−t
′)F †S(z, t
′)dt′, (48)
where the field expression E from the previous subsection
is required. Ignoring terms that do not show up in the
normal ordered 〈S†S〉, we have
S†(z, t) = C(z)
∫ t
0
dt′e−γ0(t−t
′){∫ t′
0
dt′′e−γes(t
′−t′′)H2(α, z, 0, t′, t′′)Ew(0, t′′)
+Ew(0, t′)
}
. (49)
Computing 〈S†S〉 requires the commutator
[Ew(z, t), E†w(z′, t′)] = Lδ[z − z′ − c(t − t′)] and
yields 4 terms. In the short time window where one
can ignore the atomic dephasing (τd  12γ0 , 12γes ), and
also where the photon number is much smaller than 1
(τd  { g¯
2N
c |θ0|2( 1−e
−αL
α )}−1), only one term dominates
(the term independent of H2). The number of spins is
then equivalent to the photon number
1
L
∫ L
0
〈S†(z, τd)S(z, τd)〉dz ≈ g¯
2N
c
|θ0|2 1− e
−αL
α
τd.
APPENDIX C: PHASE MATCHING
By assuming the retrieval process to perform retrieval
from the exact same spin wave function S(z, t) that
has been created by the write pulse, we have assumed
the degeneracy of the two metastable states |g〉 and
|s〉. In general, the metastable states could have dif-
ferent energies which would lead to a read process from
S(z, t)e2i(ωe−ωs)z/c. However, this effect is negligible in
the regime |ωe − ωs|Lc  1.
APPENDIX D: SECOND ORDER COHERENCE
In order to ascertain if the read photon field is of a sin-
gle mode, we compute the unconditional autocorrelation
function of the read photon field at time 0 is
g2(0) =
〈E†r (0, t)E†r (0, t)Er(0, t)Er(0, t)〉
〈E†r (0, t)Er(0, t)〉2
.
Assuming that the read and write photon fields are de-
scribed by a two mode squeezed state, the g(2)(0) is of
the form 1 + 1K , where K indicates the number of modes
[19].
In the regime we consider, where we have a short detec-
tion time and a fast readout, developing the numerator
of the g(2) function leads to the term
〈Ew(0, ta)Ew(0, tb)E†w(0, tc)E†w(0, td)〉
=〈Ew(0, ta)
[
E†w(0, tc)Ew(0, tb) +
L
c
δ(tb − tc)
]
Ew(0, td)〉
=
(L
c
)2
δ(ta − tc)δ(tb − td) +
(L
c
)2
δ(ta − td)δ(tb − tc),
12
which yields
g2(0) =
2〈E†r (0, t)Er(0, t)〉2
〈E†r (0, t)Er(0, t)〉2
= 2
where we have used Eqn (27) and the leading term of
Eqn (49).
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